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Abstract
In formal verification, we check the correctness of a system with respect
to a desired property by checking whether a mathematical model of the
system satisfies a specification that formally expresses the property. In
the automata-theoretic approach to formal verification, we model both the
system and the specification by automata. Questions about systems and
their specifications are then reduced to questions about automata. The
goal of this course is to teach the basics of automata on infinite words and
their applications in formal verification.

Introduction
Finite automata on infinite objects were first introduced in the 60’s, and were
the key to the solution of several fundamental decision problems in mathematics
and logic [Büc62, McN66, Rab69]. Today, automata on infinite objects are used
for specification and verification of nonterminating programs [Kur94, VW94].
The idea is simple: when a system is defined with respect to a finite set P of
propositions, each of the system’s states can be associated with a set of propositions that hold in this state. Then, each of the system’s computations induces
an infinite word over the alphabet 2P , and the system itself induces a language
of infinite words over this alphabet. This language can be defined by an automaton. Similarly, a specification for a system, which describes all the allowed
computations, can be viewed as a language of infinite words over 2P , and can
therefore be defined by an automaton. In the automata-theoretic approach
to verification, we reduce questions about systems and their specifications to
questions about automata. More specifically, questions such as satisfiability
of specifications and correctness of systems with respect to their specifications
are reduced to questions such as nonemptiness and language containment. The
automata-theoretic approach separates the logical and the combinatorial aspects
of reasoning about systems. The translation of specifications to automata handles the logic and shifts all the combinatorial difficulties to automata-theoretic
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problems. We will define automata on infinite words, study some of their properties, and see how they are used in formal verification.

1

The temporal logic LTL

The logic LTL is a linear temporal logic [Pnu77]. Formulas of LTL are constructed from a set AP of atomic propositions using the usual Boolean operators and the temporal operators X (“next time”) and U (“until”). Formally, an
LTL formula over AP is defined as follows:
• true, false, or p, for p ∈ AP .
• ¬ψ1 , ψ1 ∧ ψ2 , Xψ1 , or ψ1 U ψ2 , where ψ1 and ψ2 are LTL formulas.
We define the semantics of LTL with respect to an infinite computation
π = σ0 , σ1 , σ2 , . . ., where for every j ≥ 0, the set σj ⊆ AP is the set of atomic
propositions that hold in the j-th position of π. We denote the suffix σj , σj+1 , . . .
of π by π j . We use π |= ψ to indicate that an LTL formula ψ holds in the
computation π. The relation |= is inductively defined as follows:
• For all π, we have that π |= true and π 6|= false.
• For an atomic proposition p ∈ AP , we have that π |= p iff p ∈ σ0 .
• π |= ¬ψ1 iff π 6|= ψ1 .
• π |= ψ1 ∧ ψ2 iff π |= ψ1 and π |= ψ2 .
• π |= Xψ1 iff π 1 |= ψ1 .
• π |= ψ1 U ψ2 iff there exists k ≥ 0 such that π k |= ψ2 and π i |= ψ1 for all
0 ≤ i < k.
We denote the size of an LTL formula ϕ by |ϕ| and we use the following
abbreviations in writing formulas:
• ∨, →, and ↔, interpreted in the usual way.
• F ψ = trueU ψ (“eventually”, and the “F” comes from “Future”).
• Gψ = ¬F ¬ψ (“always”, and the “G” comes from “Globally”).
Example 1.1 We specify in LTL some properties that one may wish a mutual
exclusion algorithm to satisfy.
• The mutual exclusion property states that two processes are never simultaneously in their critical sections. If ci is an atomic proposition
that hold when process i is in its critical section, then the LTL formula
i,j
ψme
= G(¬ci ∨ ¬cj ) expresses mutual exclusion between processes i and
i,j
j. Note that the formula ¬F (ci ∧ cj ) is equivalent to ψme
.
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• The finite waiting property for process i states that if process i tries to
access its critical section, it will eventually access it. If for each process i,
the atomic proposition ti holds when process i tries to enter the critical
section, then the LTL formula ψfi w = G(ti → F ci ) expresses finite waiting
for process i. Note that the semantics of the operator U (and therefore also
the one of F ) includes the present in the future. Thus, the requirement
to have ci eventually is satisfied if the process i is already in the critical
section when it tries. A different specification is G(ti → XF ci ), in which
the access of the critical section has to be in the strict future.
We interpret LTL formulas also with respect to Kripke structures, which may
generate many computations. Formally, a Kripke structure is K = hAP, W, R, W0 , Li,
where W is a set of states, R ⊆ W × W is a total transition relation (that is,
for every w ∈ W , there is at least one w′ such that R(w, w′ ), the set W0 ⊆ W is
a set of initial states, and L : W → 2AP maps each state to the sets of atomic
propositions that hold in it. A path of K is an infinite sequence w0 , w1 , . . . such
that w0 ∈ W0 and for all i ≥ 0 we have R(wi , wi+1 ). Every path w0 , w1 , . . . of
K induces the computation L(w0 ), L(w1 ), . . . of K.
The model-checking problem for LTL is to determine, given an LTL formula
ψ and a Kripke structure K, whether all the computations of K satisfy ψ [CE81,
QS82, LP85, VW94].

2

Büchi word automata

We can view Kripke structures as generators of languages over the alphabet 2AP .
We can also view properties as descriptions of languages over this alphabet.
Example 2.1 The properties specified by LTL formulas in Example 1.1, corresponds to the following languages over the alphabet 2AP .
• The language Li,j
me that corresponds to mutual exclusion contains all computations having no occurrences of letters containing both ci and cj . Formally,
Li,j
/ σl ∨ cj ∈
/ σl }.
me = {σ0 · σ1 · · · : for all l ≥ 0, we have ci ∈
• The language Lif w that corresponds to finite waiting for process i contains
all computations in which every occurrence of a letter containing ti is
followed by an occurrence of a letter containing ci .
Lif w = {σ0 ·σ1 · · · : for all l ≥ 0, if ti ∈ σl , then there is k ≥ l with ci ∈ σk )}.
We describe and reason about languages of infinite words using automata
on infinite words. Let Σ be a finite alphabet. A Büchi word automaton is
A = hΣ, Q, δ, Q0 , αi, where Σ is the input alphabet, Q is a finite set of states,
δ : Q × Σ → 2Q is a transition function, Q0 ⊆ Q is a set of initial states, and
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α ⊆ Q is a set of accepting states. Since A may have several initial states
and since the transition function may specify many possible transitions for each
state and letter, A may be nondeterministic. If |Q0 | = 1 and δ is such that for
every q ∈ Q and σ ∈ Σ, we have that |δ(q, σ)| ≤ 1, then A is a deterministic
automaton. We use NBW and DBW as abbreviations for nondeterministic
Büchi word automata and deterministic Büchi word automata, respectively.
Given an input word w = σ0 · σ1 · · · in Σω , a run of A on w is a function
r : IN → Q where r(0) ∈ Q0 and for every i ≥ 0, we have r(i + 1) ∈ δ(r(i), σi );
i.e., the run starts in one of the initial states and obeys the transition function.
Note that a nondeterministic automaton can have many runs on w. In contrast,
a deterministic automaton has a single run on w. For a run r, let inf (r) denote
the set of states that r visits infinitely often. That is,
inf (r) = {q ∈ Q : r(i) = q for infinitely many i ≥ 0}.
As Q is finite, it is guaranteed that inf (r) 6= ∅. The run r is accepting iff
inf (r) ∩ α 6= ∅. That is, iff there exists a state in α that r visits infinitely often.
A run that is not accepting is rejecting. An automaton A accepts an input word
w iff there exists an accepting run of A on w. The language of A, denoted L(A),
is the set of words that A accepts.
Example 2.2 In Figure 1 we describe two Büchi automata. The alphabet of
both automata is {a, b}. The automaton A1 , which is deterministic, accepts
exactly all words with infinitely many a’s. The automaton A2 complements it
and accepts exactly all words with finitely many a’s.

A1

A2

a

b

a, b

b
b

a
b

Figure 1: An example of nondeterministic Büchi automata.

The Büchi acceptance condition suggests one way to refer to inf (r) in order
to determine whether the run r is accepting. More acceptance conditions are
defined in the literature. Below we define a generalization of the Büchi condition.
A generalized Büchi automaton is A = hΣ, Q, δ, Q0 , αi, where Σ, Q, δ, and Q0
are as in Büchi automata, and the acceptance condition α ⊆ 2Q consists of sets
αi ⊆ Q. A run r of A with α = {α1 , α2 , . . . , αk } is accepting iff inf (r) ∩ αi 6= ∅
for all 1 ≤ i ≤ k. That is, r is accepting if every set in α is visited infinitely
often. We refer to k as the index of the generalized Büchi automaton.
In Question 4, you will prove that generalized Büchi automata are not more
expressive than Büchi automata: given a nondeterministic generalized Büchi
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automaton with n states and index k, it is possible to construct an equivalent
Büchi automaton with nk states.

3

Properties of Büchi Automata

It is easy to see that büchi automata are closed under union. Below we prove
closure under intersection.
Theorem 3.1 [Cho74] Given Büchi automata A1 and A2 , we can construct a
Büchi automaton A such that L(A) = L(A1 ) ∩ L(A2 ).
Proof: Let A1 = (Σ, Q1 , Q01 , δ1 , α1 ) and A2 = (Σ, Q2 , Q02 , δ2 , α2 ). We define
A = hΣ, Q, Q0 , δ, αi, where
• Q = Q1 × Q2 × {1, 2},
• Q0 = Q01 × Q02 × {1},
• δ(hs, t, ii, a) = δi (s, a) × δ2 (t, a) × {j}, where i = j unless i = 1 and s ∈ α1 ,
in which case j = 2, or i = 2 and t ∈ α2 , in which case j = 1, and
• α = α1 × Q2 × {1}.
The automaton A has two copies of the product of A1 and A2 . When
executing a run, if we are in the first copy (the second copy), and we visit an
accepting state of A1 (A2 ), we move to the other copy. The accepting condition
requires to go infinitely often through α1 × Q2 × {1}, i.e., to visit infinitely often
accepting states of A1 in the first copy. Since we can return to the first copy
only after having visited an accepting state of A2 on the second copy, both
copies visit accepting states infinitely often.
We now turn to study the expressive power of nondeterministic vs. deterministic Büchi automata. Recall that in the case of finite words, automata can
be determinized, thus nondeterministic automata on finite words are not more
expressive than deterministic automata on finite words. We now show that this
is not the case for the infinite-word setting.
Theorem 3.2 [Lan69] Deterministic Büchi automata are strictly less expressive than nondeterministic Büchi automata.
Proof: Consider the language L = (a + b)∗ bω , (i.e., L consists of all infinite
words in which a occurs only finitely many times). As shown in Example 2.2, the
language L is recognizable by a nondeterministic Büchi automata. We now show
that L is not recognizable by a deterministic Büchi automaton. Assume by way
of contradiction that L = L(A), for a deterministic A = ({a, b}, Q, {q0 }, δ, α).
Recall that δ can be viewed as a partial mapping from Q × {a, b}∗ to Q.
Consider the infinite word w0 = bω . Clearly, w0 is accepted by A, so A has
an accepting run on w0 . Thus, w0 has a finite prefix u0 such that δ(q0 , u0 ) ∈ α.
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Consider now the infinite word w1 = u0 abω . Clearly, w1 is also accepted by A,
so A has an accepting run on w1 . Thus, w1 has a finite prefix u0 bu1 such that
δ(q0 , u0 au1 ) ∈ α. In a similar way we can continue to find finite words ui such
that δ(q0 , u0 au1 a . . . aui ) ∈ α. Since Q is finite, there are i, j, where 0 ≤ i < j,
such that δ(q0 , u0 au1 a . . . aui ) = δ(q0 , u0 au1 a . . . aui a . . . auj ). It follows that A
has an accepting run on
u0 au1 a . . . aui (aui+1 . . . uj−1 auj )ω .
But the latter word has infinitely many occurrences of a, so it is not in L.
The complement of an NBW A is an NBW A′ such that L(A′ ) = Σω \
L(A). In the case of finite words, we complement automata by determinizing
them and then dualizing the acceptance condition (that is, defining the set of
accepting states to be Q \ α). While it is possible to complement a DBW (but
not by dualization, see Question 5), Theorem 3.2 implies we cannot use such
a complementation as an intermediate step in general NBW complementation.
We will get back to the complementation problem for NBW in Section 7.

4

From LTL to NBW

Given an LTL formula ψ, we construct a generalized Büchi word automaton
Aψ such that Aψ accepts exactly all the computations that satisfy ψ. The
construction was first suggested by Vardi and Wolper in 1986.
For an LTL formula ψ, the closure of ψ, denoted cl(ψ), is the set of ψ’s
subformulas and their negation (¬¬ψ is identified with ψ). Formally, cl(ψ) is
the smallest set of formulas that satisfy the following.
• ψ ∈ cl(ψ).
• If ψ1 ∈ cl(ψ) then ¬ψ1 ∈ cl(ψ).
• If ¬ψ1 ∈ cl(ψ) then ψ1 ∈ cl(ψ).
• If ψ1 ∧ ψ2 ∈ cl(ψ) then ψ1 ∈ cl(ψ) and ψ2 ∈ cl(ψ).
• If Xψ1 ∈ cl(ψ) then ψ1 ∈ cl(ψ).
• If ψ1 U ψ2 ∈ cl(ψ) then ψ1 ∈ cl(ψ) and ψ2 ∈ cl(ψ).
For example, cl(p ∧ ((Xp)U q)) is
{p ∧ ((Xp)U q), ¬(p ∧ ((Xp)U q)), p, ¬p, (Xp)U q, ¬((Xp)U q), Xp, ¬Xp, q, ¬q}.
Theorem 4.1 [VW94] Given an LTL formula ψ, we can construct an NBW
Aψ such that L(Aψ ) is exactly the set of words satisfying ψ and the size of Aψ
is exponential in the length of ψ.
Proof:

We define Aψ = h2AP , Q, δ, Q0 , αi, where
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• We say that a set S ⊆ cl(ψ) is good in cl(ψ) if S is a maximal set of
formulas in cl(ψ) that does not have propositional inconsistency. Thus, S
satisfies the following conditions.
1. For all ψ1 ∈ cl(ψ), we have ψ1 ∈ S iff ¬ψ1 6∈ S, and
2. For all ψ1 ∧ ψ2 ∈ cl(ψ), we have ψ1 ∧ ψ2 ∈ S iff ψ1 ∈ S and ψ2 ∈ S.
The state space Q ⊆ 2cl(ψ) is the set of all the good sets in cl(ψ).
• Let S and S ′ be two good sets in cl(ψ), and let σ ⊆ AP be a letter. Then
S ′ ∈ δ(S, σ) if the following hold.
1. σ = S ∩ AP ,
2. For all Xψ1 ∈ cl(ψ), we have Xψ1 ∈ S iff ψ1 ∈ S ′ , and
3. For all ψ1 U ψ2 ∈ cl(ψ), we have ψ1 U ψ2 ∈ S iff either ψ2 ∈ S or both
ψ1 ∈ S and ψ1 U ψ2 ∈ S ′ .
Note that the last condition also means that for all ¬(ψ1 U ψ2 ) ∈ cl(ψ), we
have that ¬(ψ1 U ψ2 ) ∈ S iff ¬ψ2 ∈ S and either ¬ψ1 ∈ S or ¬(ψ1 U ψ2 ) ∈
S′.
• Q0 ⊆ Q is the set of all states S ∈ Q for which ψ ∈ S.
• Every formula ψ1 U ψ2 contributes to α the set
αψ1 U ψ2 = {S ∈ Q : ψ2 ∈ S or ¬(ψ1 U ψ2 ) ∈ S}.

5

Alternating Automata on Infinite Words

In Section 2 we defined Büchi automata and mentioned that automata on infinite
words can be classified according to the type of acceptance condition. Another
way to classify an automaton on infinite words is by the type of its branching
mode. In a deterministic automaton, the transition function δ maps a pair of a
state and a letter into a single state. The intuition is that when the automaton
is in state q and it reads a letter σ, then the automaton moves to state δ(q, σ),
from which it should accept the suffix of the word. When the branching mode
is existential, the automaton is nondeterministic and δ maps q and σ into a set
of states. In the existential mode, the automaton should accept the suffix of
the word from one of the states in the set. Accordingly, a word is accepted by
a nondeterministic automaton if the automaton has some accepting run on it.
We have met deterministic and nondeterministic automata in Section 2. In this
section we meet more sophisticated branching modes. The universal branching
mode is dual to the existential one. Thus, as there, δ maps q and σ into a set
of states, yet the automaton should accept the suffix of the word from all of
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the states in the set. Accordingly, a word is accepted by a universal automaton
if all the runs of the automaton on the word are accepting. In alternating
automata [CKS81], both existential and universal modes are allowed, and the
transitions are given as Boolean formulas over the set of states. For example,
δ(q, σ) = q1 ∨ (q2 ∧ q3 ) means that the automaton should accept the suffix of
the word either from state q1 or from both states q2 and q3 . We now define
alternating automata formally and see how they can serve as an intermediate
step in the translation of LTL to nondeterministic Büchi automata.
For a given set X, let B + (X) be the set of positive Boolean formulas over
X (i.e., Boolean formulas built from elements in X using ∧ and ∨), where we
also allow the formulas true and false. For Y ⊆ X, we say that Y satisfies a
formula θ ∈ B + (X) iff the truth assignment that assigns true to the members
of Y and assigns false to the members of X \ Y satisfies θ. For example, the
sets {q1 , q3 } and {q2 , q3 } both satisfy the formula (q1 ∨ q2 ) ∧ q3 , while the set
{q1 , q2 } does not satisfy this formula.
Consider an automaton A = hΣ, Q, Q0 , δ, αi. For a word w = σ0 · σ1 · · ·
and an index i ≥ 0, let wi = σi · σi+1 · · · be the suffix of w that starts in
position i. We can represent δ using B + (Q). For example, a transition δ(q, σ) =
{q1 , q2 , q3 } of a nondeterministic automaton A can be written as δ(q, σ) = q1 ∨
q2 ∨ q3 . If A is universal, the transition can be written as δ(q, σ) = q1 ∧ q2 ∧ q3 .
While transitions of nondeterministic and universal automata correspond to
disjunctions and conjunctions, respectively, transitions of alternating automata
can be arbitrary formulas in B + (Q). We can have, for instance, a transition
δ(q, σ) = (q1 ∧ q2 ) ∨ (q3 ∧ q4 ), meaning that the automaton accepts a suffix wi
of w from state q, if it accepts wi+1 from both q1 and q2 or from both q3 and
q4 . Such a transition combines existential and universal choices.
Formally, an alternating automaton on infinite words is a tuple A = hΣ, Q, qin , δ, αi,
where Σ, Q, qin , and α are as in nondeterministic automata (for technical simplicity we assume that the set of initial states is a singleton), and δ : Q × Σ →
B + (Q) is a transition function. While a run of a nondeterministic automaton
is an infinite sequence of states, a run of an alternating automaton is a tree
r : Tr → Q for some Tr ⊆ IN∗ . Formally, a tree is a (finite or infinite) nonempty
prefix-closed set T ⊆ IN∗ . The elements of T are called nodes, and the empty
word ε is the root of T . For every x ∈ T , the nodes x · c ∈ T where c ∈ IN are
the children of x. A node with no children is a leaf . We sometimes refer to the
length |x| of x as its level in the tree. A path π of a tree T is a set π ⊆ T such
that ǫ ∈ π and for every x ∈ π, either x is a leaf, or there exists a unique c ∈ IN
such that x · c ∈ π. Given a finite set Σ, a Σ-labeled tree is a pair hT, V i where
T is a tree and V : T → Σ maps each node of T to a letter in Σ. A run of A on
an infinite word w = σ0 · σ1 · · · is a Q-labeled tree hTr , ri such that the following
hold:
• r(ε) = qin .
• Let x ∈ Tr with r(x) = q and δ(q, σ|x| ) = θ. There is a (possibly empty)
set S = {q1 , . . . , qk } such that S satisfies θ and for all 1 ≤ c ≤ k, we have
x · c ∈ Tr and r(x · c) = qc .
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For example, if δ(qin , σ0 ) = (q1 ∨ q2 ) ∧ (q3 ∨ q4 ), then possible runs of A on
w have a root labeled qin , have one node in level 1 labeled q1 or q2 , and have
another node in level 1 labeled q3 or q4 . Note that if θ = true, then x need
not have children. This is the reason why Tr may have leaves. Also, since there
exists no set S as required for θ = false, we cannot have a run that takes a
transition with θ = false.
A run hTr , ri is accepting iff all its infinite paths, which are labeled by words
in Qω , satisfy the acceptance condition. A word w is accepted iff there exists
an accepting run on it. Note that while conjunctions in the transition function
of A are reflected in branches of hTr , ri, disjunctions are reflected in the fact we
can have many runs on the same word. The language of A, denoted L(A), is
the set of infinite words that A accepts. We use ABW to abbreviate alternating
Büchi automata on infinite words.

6

From LTL to NBW via alternating Büchi automata

In this section we show an alternative translation of LTL to NBW. The translation goes via alternating automata: we first translate the LTL formula to an
ABW, and then translate the ABW to an an NBW. Using alternating automata
as an intermediate step was first suggested in the branching framework, for the
translation of branching temporal logics to tree automata [KVW00]. There, the
use of alternating automata enables an efficient automata-based solution to the
model checking problem. In the linear framework, an advantage of the intermediate alternating automaton is the ability to apply optimization algorithms on
both the intermediate ABW and the final NBW [Fri03, FW02, GKSV03].
For simplicity, we assume that LTL formulas are in positive normal form,
where negation is applied only to atomic propositions. Having no negation, we
should have both ∧ and ∨, and have the temporal operator G in addition to X
and U .
Theorem 6.1 [KVW00] Given an LTL formula ψ in positive normal form,
we can construct an ABW Aψ such that L(Aψ ) is exactly the set of words
satisfying ψ and the size of Aψ is linear in the length of ψ.
Proof: We define Aψ = h2AP , cl(ψ), δ, ψ, αi, as follows. The set α of accepting
states consists of all the G-formulas in cl(ψ); that is, formulas of the form Gϕ2 .
The transition function δ is defined, for all σ ∈ 2AP , as follows.
• δ(p, σ) = true if p ∈ σ.
• δ(p, σ) = false if p 6∈ σ.
• δ(¬p, σ) = true if p 6∈ σ.
• δ(¬p, σ) = false if p ∈ σ.
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• δ(ϕ1 ∧ ϕ2 , σ) = δ(ϕ1 , σ) ∧ δ(ϕ2 , σ).
• δ(ϕ1 ∨ ϕ2 , σ) = δ(ϕ1 , σ) ∨ δ(ϕ2 , σ).
• δ(Xϕ2 , σ) = ϕ2 .
• δ(ϕ1 U ϕ2 , σ) = δ(ϕ2 , σ) ∨ (δ(ϕ1 , σ) ∧ ϕ1 U ϕ2 ).
• δ(Gϕ2 , σ) = δ(ϕ2 , σ) ∧ Gϕ2 .
Intuitively, Aψ follows the structure of the formula, and uses the acceptance condition α to guarantee that eventualities of U -formulas are eventually
satisfied.
In order to complete the translation of LTL to NBW, we need to remove
alternation from Aψ :
Theorem 6.2 [MH84] Let A be an alternating Büchi automaton. There is a
nondeterministic Büchi automaton A′ , with exponentially many states, such that
L(A′ ) = L(A).
Proof: The automaton A′ guesses a run of A. At a given point of a run of
A′ , it keeps in its memory a whole level of the run tree of A. As it reads the
next input letter, it guesses the next level of the run tree of A. In order to
make sure that every infinite path visits states in α infinitely often, A′ keeps
track of states that “owe” a visit to α. Let A = hΣ, Q, qin , δ, αi. Then A′ =
hΣ, 2Q × 2Q , h{qin }, ∅i, δ ′ , 2Q × {∅}i, where δ ′ is defined, for all hS, Oi ∈ 2Q ×2Q
and σ ∈ Σ, as follows.
• If O 6= ∅, then δ ′ (hS, Oi, σ) =
^
^
{hS ′ , O′ \ αi | S ′ satisfies
δ(q, σ), O′ ⊆ S ′ , and O′ satisfies
δ(q, σ)}.
q∈S

q∈O

• If O = ∅, then δ ′ (hS, Oi, σ) =
{hS ′ , S ′ \ αi | S ′ satisfies

^

δ(q, σ)}.

q∈S

In [MSS86], Muller et al. introduce alternating weak automata. In a weak
automaton, the acceptance condition is α ⊆ Q and there exists a partition of Q
into disjoint sets, Qi , such that for each set Qi , either Qi ⊆ α, in which case Qi
is an accepting set, or Qi ∩α = ∅, in which case Qi is a rejecting set. In addition,
there exists a partial order ≤ on the collection of the Qi ’s such that for every
q ∈ Qi and q ′ ∈ Qj for which q ′ occurs in δ(q, σ, k), for some σ ∈ Σ and k ∈ D,
we have Qj ≤ Qi . Thus, transitions from a state in Qi lead to states in either
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the same Qi or a lower one. It follows that every infinite path of a run of a weak
automaton ultimately gets “trapped” within some Qi . The path then satisfies
the acceptance condition if and only if Qi is an accepting set. Note that this
corresponds to the Büchi acceptance condition. Indeed, a run visits infinitely
many states in α iff it gets trapped in an accepting set.
The automaton Aψ defined in the proof of Theorem 6.1 is weak. To see this,
consider the partition of Q into disjoint sets in which each formula ϕ ∈ cl(ψ)
constitutes a (singleton) set {ϕ} in the partition. The partial order between the
sets is then defined by {ϕ1 } ≤ {ϕ2 } iff ϕ1 ∈ cl(ϕ2 ). Since each transition of
the automaton from a state ϕ leads to states associated with formulas in cl(ϕ),
the weakness conditions hold. In particular, each set is either contained in α or
disjoint from α.
As pointed out in [GO01], the fact Aψ is weak (in fact, it is very weak –
the sets Qi in the partition are singletons) enables a simpler removal of alternation than the one described in Theorem 6.2. In general, the construction we presented in Theorem 4.1 and the one that follows from the combination of Theorems 6.1 and 6.2 are very basic ones. Due to the heavy use of
the construction in practice, numerous improvements have been suggested, cf.
[GPVW95, SB00, GO01, Fri03].
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Complementation of Büchi automata

In Section 3, we saw that NBW are closed under union and intersection. In this
section we prove their closure under complementation.
The complementation problem for nondeterministic word automata has numerous applications in formal verification. In particular, the language-containment
problem, to which many verification problems is reduced, involves complementation. For automata on finite words, which correspond to safety properties,
complementation involves determinization. The 2n blow-up that is caused by
the subset construction is justified by a tight lower bound. For Büchi automata
on infinite words, which are required for the modeling of liveness properties,
optimal complementation constructions are quite complicated, as the subset
construction is not sufficient. Efforts to develop simple complementation constructions for nondeterministic automata started early in the 60s, motivated by
decision problems of second-order logics. Büchi suggested a complementation
construction for nondeterministic Büchi automata that involved a complicated
combinatorial argument and a doubly-exponential blow-up in the state space
[Büc62]. Thus, complementing an automaton with n states resulted in an auO(n)
tomaton with 22
states. In [SVW87], Sistla et al. suggested an improved
2
construction, with only 2O(n ) states, which is still, however, not optimal. Only
in [Saf88], Safra introduced a determinization construction, which also enabled
a 2O(n log n) complementation construction, matching a lower bound described
by Michel [Mic88].
In this section we describe a complementation construction that avoids
Safra’s determinization. The construction, described in [KV01], uses instead in11

termediate universal co-Büchi automata and alternating weak automata. Here,
we describe the construction without the intermediate automata, and go directly
to a complementary NBW. The idea behind the construction is to assign ranks
to nodes in a directed acyclic graph that embodies all the runs of the NBW.
The idea can be applied also to richer types of acceptance conditions [KV05].
Let A = hΣ, Q, qin , δ, αi be a nondeterministic Büchi automaton with |Q| =
n, and let w = σ0 · σ1 · be a word in Σω . We define an infinite dag G that
embodies all the possible runs of A on w. Formally, G = hV, Ei, where
S
• V
S ⊆ Q × IN is the union l≥0 (Ql × {l}), where Q0 = {qin } and Ql+1 =
q∈Ql δ(q, σl ).
S
• E ⊆ l≥0 (Ql × {l}) × (Ql+1 × {l + 1}) is such that E(hq, li, hq ′ , l + 1i) iff
q ′ ∈ δ(q, σl ).
We refer to G as the run dag of A on w. We say that a vertex hq ′ , l′ i is a
successor of a vertex hq, li iff E(hq, li, hq ′ , l′ i). We say that hq ′ , l′ i is reachable
from hq, li iff there exists a sequence hq0 , l0 i, hq1 , l1 i, hq2 , l2 i, . . . of successive
vertices such that hq, li = hq0 , l0 i, and there exists i ≥ 0 such that hq ′ , l′ i =
hqi , li i. Finally, we say that a vertex hq, li is an α-vertex iff q ∈ α. It is easy to
see that A accepts w iff G has a path with infinitely many α-vertices. Indeed,
such a path corresponds to an accepting run of A on w.
A ranking for G is a function f : V → [2n] that satisfies the following two
conditions:
1. For all vertices hq, li ∈ V , if f (hq, li) is odd, then q 6∈ α.
2. For all edges hhq, li, hq ′ , l′ ii ∈ E, we have f (hq ′ , l′ i) ≤ f (hq, li).
Thus, a ranking associates with each vertex in G a rank in [2n] so that the
ranks along paths decreased monotonically, and α-vertices get only even ranks.
Note that each path in G eventually gets trapped in some rank. We say that
the ranking f is an odd ranking if all the paths of G eventually get trapped
in an odd rank. Formally, f is odd iff for all paths hq0 , 0i, hq1 , 1i, hq2 , 2i, . . .
in G, there is j ≥ 0 such that f (hqj , ji) is odd, and for all i ≥ 1, we have
f (hqj+i , j + ii) = f (hqj , ji).
Lemma 7.1 A rejects w iff there is an odd ranking for G.
Proof: We first claim that if there is an odd ranking for G, then A rejects
w. To see this, recall that in an odd ranking, every path in G eventually gets
trapped in an odd rank. Hence, as α-vertices get only even ranks, it follows
that all the paths of G, and thus all the possible runs of A on w, visit α only
finitely often.
Assume now that A rejects w. We describe an odd ranking for G. We say
that a vertex hq, li is finite in a (possibly finite) dag G′ ⊆ G iff only finitely
many vertices in G′ are reachable from hq, li. The vertex hq, li is α-free in G′
iff all the vertices in G′ that are reachable from hq, li are not α-vertices. Note
that, in particular, an α-free vertex is not an α-vertex. We define an infinite
sequence G0 ⊇ G1 ⊇ G2 ⊇ . . . of dags inductively as follows.
12

• G0 = G.
• G2i+1 = G2i \ {hq, li | hq, li is finite in G2i }.
• G2i+2 = G2i+1 \ {hq, li | hq, li is α-free in G2i+1 }.
Consider the function f : V → IN where

2i
If hq, li is finite in G2i .
f (hq, li) =
2i + 1 If hq, li is α-free in G2i+1 .
Recall that A rejects w. Thus, each path in G has only finitely many α-vertices.
It is shown in [KV01] that for every i ≥ 0, the transition from G2i+1 to G2i+2
involves the removal of an infinite path from G2i+1 . Intuitively, it follows from
the fact that as long as G2i+1 is not empty, it contains a at least one α-free
vertex, from which an infinite path of α-free vertices start. Since the width of
G0 is bounded by n, it follows that the width of G2i is at most n − i. Hence,
G2n is finite, and G2n+1 is empty. Thus, f above maps the vertices in V to
[2n]. We claim further that f is an odd ranking. First, since an α-free vertex
cannot be an α-vertex and f (hq, li) is odd only for α-free vertices hq, li, the
first condition for f being a ranking holds. Second, as argued in [KV01], for
every two vertices hq, li and hq ′ , l′ i in G, if hq ′ , l′ i is reachable from hq, li, then
f (hq ′ , l′ i) ≤ f (hq, li). In particular, this holds for hq ′ , l′ i that is a successor of
hq, li. Hence, the second condition for ranking holds too. Finally, as argued in
[KV01] for every infinite path in G, there exists a vertex hq, li with an odd rank
such that all the vertices hq ′ , l′ i in the path that are reachable from hq, li have
f (hq ′ , l′ i) = f (hq, li). Hence, f is an odd ranking.
By Lemma 7.1, an automaton A′ that complements A can proceed on an
input word w by guessing an odd ranking for the run dag of A on w. We
now define such an automaton A′ formally. We first need some definitions and
notations.
A level ranking for A and w is a function g : Q → [2n] ∪ {⊥}, such that if
g(q) is odd, then q 6∈ α. Let R be the set of all level rankings. For two level
rankings g and g ′ , we say that g ′ covers g if for all q and q ′ in Q, if g(q) ≥ 0
and q ′ ∈ δ(q, σ), then 0 ≤ g ′ (q ′ ) ≤ g(q).
′
We define A′ = hΣ, R × 2Q , qin
, δ ′ , R × {∅}i, where
′
• qin
= hgin , ∅i, where gin (qin ) = 2n and gin (q) = ⊥ for all q 6= qin . Thus,
the odd ranking that A′ guesses maps the root hqin , 0i of the run dag to
2n.

• For a state hg, P i ∈ R × 2Q and a letter σ ∈ Σ, we define δ ′ (hg, P i, σ) as
follows.
◦ If P 6= ∅, then
δ ′ (hg, P i, σ) = { hg ′ , P ′ i : g ′ covers g, and
P ′ = {q ′ : there is q ∈ P such that q ′ ∈ δ(q, σ) and g ′ (q ′ ) is even}}.
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◦ If P = ∅, then
δ ′ (hg, P i, σ) = {hg ′ , P ′ i : g ′ covers g, and P ′ = {q ′ : g ′ (q ′ ) is even}}.
Thus, when A′ reads the l’th letter in the input, for l ≥ 1, it guesses the
level ranking for level l in the run dag. This level ranking should cover
the level ranking of level l − 1. In addition, in the P component, A′ keeps
track of states whose corresponding vertices in the dag have even ranks.
Paths that traverse such vertices should eventually reach a vertex with an
odd rank. When all the paths of the dag have visited a vertex with an
odd rank, the set P becomes empty, and is initiated by new obligations for
visits in odd ranks according to the current level ranking. The acceptance
condition R×{∅} then checks that there are infinitely many levels in which
all the obligations have been fulfilled.
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Exercises

Question 1
For each pair ϕ1 ; ϕ2 of formulas below, decide which of the following hold (note
that possibly both a and b hold, or none of them):
a. ϕ1 → ϕ2 .
b. ϕ1 ← ϕ2 .
When the an implication does not hold, describe a counter example (when a
does not hold, describe a model for ϕ1 that does not satisfy ϕ2 , and when b
does not hold, describe a model for ϕ2 that does not satisfy ϕ1 ).
1.
2.
3.
4.
5.
6.

Gp
G(p ∨ q)
G(p ∧ q)
qU p
pU (qU r)
p ∧ Xq

;
;
;
;
;
;

¬F X¬p
Gp ∨ Gq
Gp ∧ Gq
q ∧ XqU p
(pU q)U r
pU q ∧ qU p

Question 2
Describe nondeterministic Büchi automata for the following properties.
1. F (p ∧ Xp).
2. F G(p ∨ Xp).
3. Gp → Gq.
4. GF p → GF q.

14

Question 3
Prove or give a counter example:
1. Every nondeterministic Büchi automaton A has an equivalent nondeterministic Büchi automaton A′ with a single initial state.
2. Every nondeterministic Büchi automaton A has an equivalent nondeterministic Büchi automaton A′ with a single accepting state.

Question 4
Given a generalized Büchi automaton with n states and index k, construct an
equivalent Büchi automaton with nk states.

Question 5
Given a deterministic Büchi automaton A = hΣ, Q, δ, q0 , αi with n states,
describe a nondeterministic Büchi automaton A′ with O(n) states such that
L(A′ ) = Σω \ L(A).
Hint: the NBW A′ uses its nondeterminism in order to guess when the run
of A stops visiting α.

Question 6
Consider a nondeterministic word automaton A. Let L∗ (A) be the language
of A when regarded as an automaton on finite words, and let Lω (A) be the
language of A when regarded as a Büchi automaton. Prove or give a counter
example:
1. Lω (A) = lim(L∗ (A)).
2. Lω (A) = lim(L∗ (A)) iff there is some deterministic Büchi automaton that
recognizes Lω (A).

Question 7
In a co-Büchi word automaton, the acceptance condition is a set α ⊆ Q and a
run r is accepting iff it visits α only finitely often; that is inf (r) ∩ α = ∅.
1. Prove that a language L is recognizable by a deterministic Büchi automaton iff Σω \ L is recognizable by a deterministic co-Büchi automaton.
2. Given a nondeterministic co-Büchi automaton A = hΣ, Q, δ, Q0 , αi, define
a deterministic co-Büchi automaton A′ = hΣ, Q′ , δ ′ , q0′ , α′ i equivalent to
A.
Hint: Q′ = 2Q × 2Q , and all the reachable states hS, P i in Q′ are such
that P ⊆ S. The acceptance condition α′ = 2Q × {∅}.
3. Let L = {w : w has infinitely many a’s } ⊆ {a, b}ω . Can L be recognized
by a nondeterministic co-Büchi word automaton? Justify your answer.
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Question 8
In this question we prove an exponential lower bound on the translation of LTL
to nondeterministic Büchi automata. Let AP = {p, q}. For n ≥ 1, we define
the language Ln over the alphabet 2AP as follows.
Ln = {{{p}, {q}, ∅, }∗ ·∅·w·∅·{{p}, {q}, ∅, }∗ ·{p, q}·w·{p, q}ω : w ∈ {{p}, {q}}n }.
Thus, a word is in Ln iff the word between the first and second {p, q} is of length
n, it is composed of letters in {{p}, {q}} only, and it has appeared between ∅’s
somewhere before the first {p, q}. In addition, the second {p, q} starts an infinite
tail of {p, q}’s.
1. Describe two words in L3 and two words not in L3 .
2. Prove that the smallest nondeterministic Büchi automaton that recognizes
Ln has at least 2n states.
3. Specify Ln with an LTL formula of length quadratic in n.

Question 9
Consider the translation of an LTL formula ψ to nondeterministic Büchi automata Aψ we saw in class. Recall that ASψ (that is, Aψ with initial state
S ⊆ cl(ψ)) accepts exactly these words in (2AP )ω that satisfy exactly all the
formulas in S.
1. Construct the automaton for ψ = F (p ∧ Xp). Note you are asked to
construct exactly the automaton we saw in class (which may not be the
minimal automaton for ψ).
2. Describe a linear-time procedure for complementing the automaton Aψ
(for an arbitrary ψ).
3. Which of the following statements are correct? (prove or give a counter
example)
(a) For every LTL formula ψ, if there is a deterministic Büchi automaton
for ψ, then Aψ is deterministic.
(b) For every LTL formula ψ and a word w ∈ (2AP )ω such that w |= ψ,
there is a single run of Aψ that accepts w.

Question 10
Describe an ABW with O(n) states for the language Ln = {w · w · #ω : w ∈
(0 + 1)n }.
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Question 11
For a word w ∈ Σω , let suff (w) = {y : x · y = w, for some x ∈ Σ∗ }. Note that
suff (w) contains w and ǫ. For a language L ⊆ Σω , let suff limit(L) = {w :
suff (w) ⊆ L}. Thus, suff limit(L) contains exactly all words w such that all
the suffixes of w are in L.
Given an NBW A = hΣ, Q, δ, Q0 , αi, describe an ABW A′ with the same
state space Q such that L(A′ ) = suff limit(L(A)). Prove the correctness of the
construction formally.
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Conf. on Correct Hardware Design and Verification Methods, volume 2860 of Lecture Notes in Computer Science, pages 96–110.
Springer, 2003.
[GO01]

P. Gastin and D. Oddoux. Fast LTL to Büchi automata translation.
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